The validity and usefulness of linear wakefield theory for electron and positron bunches is investigated. Starting from the well-known Green's function for a cold-fluid plasma, engineering formulas for the maximum accelerating field for azimuthally symmetric bi-Gaussian beams of the form n b = n b e −r 2 /2 r 2 e −z 2 /2 z 2 are derived. It is also found that for fixed beam parameters the optimum wake is obtained for k p z =2 1/2 , for k p r ഛ 1. The validity and usefulness of linear-fluid theory is studied using fully nonlinear particle-in-cell simulations. It is found that linear theory can be useful beyond the nominal range of validity for narrow bunches. The limits of usefulness differ significantly between electron and positron bunches. For electron bunches, scaling laws are found for three limits for optimal plasma density ͑k p z =2 1/2 ͒, characterized by the normalized spot size k p r and the normalized charge per unit length of the beam, ⌳ ϵ͑n b / n p ͒k p 2 r 2 . These are
I. INTRODUCTION
Recently there has been much interest in plasma wakefields for narrow charged particle bunches. [1] [2] [3] [4] [5] [6] Although the Green's function for three-dimensional ͑3D͒ linear plasma wakefields is well known, 7, 8 recent works have applied this in various limits to obtain approximate expressions. While there is no confusion in the literature over the 1D or wide beam limit in which the beam size is large compared to the plasma skin depth c / p , there are several formulas in the literature for the narrow beam limit. 3, 4 Here we attempt to provide a clear and systematic derivation for the linear wakefields in the narrow beam limit. Expressions for the wakes generated by beams with a Gaussian longitudinal profile and either a Gaussian or flat top transverse profile will be derived. For very narrow beams, the linear theory expression for the wake amplitude diverges logarithmically with the inverse of the spot size. It is shown that this unphysical divergence saturates when the normalized peak beam density n b0 / n p exceeds ϳ10 for electron drivers and ϳ1 for positron drivers. We show that the previously obtained scaling law in which the wake amplitude increases with the inverse square of the bunch length must be modified by a weak logarithmic function of the beam spot size r . We will show through fully nonlinear particle-in-cell ͑PIC͒ simulations that the linear theory expressions can still be accurate even when the fluid model breaks down in principle.
II. LINEAR THEORY
The starting point for our work is the well-known Green's function solution for the plasma response to an arbitrary relativistic charge bunch of the form b = Ќ ͑r͒ ʈ ͑͒, 
͑3͒
where K 0 is the zero-order modified Bessel function. Next, we evaluate these expressions for a Gaussian longitudinal profile ʈ ͑͒ = qn b e − 2 /2 z 2 at a position along the axis where Ӷ − z . Here q is the particle charge ͑+e for a positron or proton beam and −e for electron beam͒. The result is
where
For wide beams, i.e., where Ќ = 1 for rЈ = 0 and remains close to unity for rЈ much larger than k p −1 , R͑0͒Ϸ1. In this limit, it is straightforward to show that for fixed bunch length z , and normalized beam density, n b / n p , the expression for E z is maximized at ϵ eE / mc p = ͓2͑͒ 1/2 / e͔ n b / n p Х 1.3n b / n p for k p z = ͱ 2, which is the well-known 1D result.
The expression for R͑0͒ for a flat top beam of radius a with Ќ ͑r͒ = 1 for 0 Ͻ r Ͻ a and 0 for r Ͼ a is
which was given and was plotted numerically in Ref. 8 . For k p a Ӷ 1, Eq. ͑6͒ can be expanded asymptotically as
This weak logarithmic dependence has often been neglected in subsequent works, [2] [3] [4] and this leads to an inaccuracy of a factor of 4 for k p a ranging from 10 −4 to 10 −1 . The expression for R͑0͒ for Gaussian bunches with
where ⌫͑␣ , ␤͒ = ͐ ␤ ϱ t ␣−1 e −t dt. In the limit k p r Ӷ 1, Eq. ͑8͒ can be expanded asymptotically as
Next, we closely examine and compare these expressions numerically. To make the comparison, we note that for the same number of beam particles and the same peak density, we must use a = ͱ 2 r . In Fig. 1 , we plot the ratio of Eq.
͑6͒ and Eq. ͑8͒ by using this relationship between a and r .
From Fig. 1͑a͒ we see that R͑0͒ for the two profiles differ by at most 20% near k p z Ϸ 1.35 and are nearly identical for k p z Ӷ 1 or k p z ӷ 1. In Fig. 1͑b͒ , for a transverse Gaussian profile, we plot both the full expression for R͑0͒ ͓Eq. ͑8͔͒ and the asymptotic expression for small k p r ͓Eq. ͑9͔͒. This shows that the asymptotic expression is extremely accurate for k p r Ͻ 0.5.
Combining Eqs. ͑4͒ and ͑8͒, we obtain an expression for the wake amplitude for a bi-Gaussian shaped drive beam:
ͪͮ.
͑10͒
This can be rewritten in terms of the total particle number N = ͑2͒ 3/2 r 2 z n b :
ͪͮ. ͑11͒
This explicitly shows the k p 2 dependence of the wake amplitude for a beam with fixed N, k p z , and k p r . To get the optimal wakefield amplitude for a beam with given N, z , and r , we rewrite this formula as
where ⍀͑k p z , k p r ͒ can also be viewed as a function of k p z and r a ϵ r / z , and r a is defined as the beam's aspect ratio. Next, we maximize this expression for fixed particle number N, z , and r , i.e., we find the optimal plasma density. Although the optimal k p ϵ k p1 depends on both z and r , the maximum value for ⍀ depends only on the aspect ratio r a . So the maximum wake amplitude can be written as
where ⍜͑ r / z ͒ϵ⍀͑k p1 z , k p1 r ͒ and ‫ץ‬⍀ / ‫ץ‬k p = 0 for k p = k p1 . In Fig. 2 , we plot the function ⍜͑ r / z ͒ and the function ⍀͑k p2 z , k p2 r ͒, where k p2 = ͱ 2/ z . It can clearly be seen that they agree very well as long as r / z Ͻ 0.1. We also note that the ratio k p1 / k p2 is unity for r a near zero and that it falls to zero as r a increases. This is because we are keeping the particle number and not n b / n p fixed. As r a is increased then n b / n p begins to drop and the wake amplitude becomes very small unless the bunch is shortened. If instead we kept n b / n p fixed, then in the wide beam limit ͓see Eq. ͑4͒ for R͑0͒ =1͔, the optimal wake would once again be obtained for
Bruhwiler et al. 9 have also investigated how the optimum density depends on the aspect ratio. They started from the formula given in Ref. 3 which attempted to merge the small k p r and large k p r results into a single formula. However, due to the logarithmic divergence it is not so simple to merge the two regimes. However, it is interesting to note that the formula for the optimum plasma density obtained by Bruhwiler et al. differs from our exact results ͑Fig. 2͒ by at most 15%.
To make connection with previous results we define a new function ⌸͑ r / z ͒ = ⍜͑ r / z ͒ / ͑ r / z ͒ ͑which is plotted in Fig. 3͒ . Using this function, we can rewrite E zM as
͑14͒
The function ⌸͑ r / z ͒ is a relatively slowly changing logarithmic function. To obtain useful scaling laws this weak dependence was neglected leading to the well-known 1 / z 2 scaling law cited in the literature. 4 However, although this dependence is weak it is still significant over the range of parameters being used in present experiments 1, 5, 6 and being considered in future experiments. In the limit of r / z Ӷ 1 it is possible to obtain a very accurate asymptotic expansion for ⌸͑ r / z ͒. If we use the result from Eq. ͑9͒ in Eq. ͑11͒ and then maximize the expression with respect to k p 2 , we recover the result that the optimal normalized wake occurs for k p z / ͱ 2 = 1. This was shown in Fig. 2 where the optimal normalized field and that for k p z / ͱ 2 = 1 are identical for small r a . Using this fact, it is straightforward to obtain the asymptotic expression
Therefore, in the small r a limit, we find
or in normalized units
where we have assumed that k p r Ӷ 1 so that the 0.057 97 constant can be neglected. We can also rewrite this in the following form for comparisons with experiments: 
ͪ. ͑18͒
This engineering formula is identical to Eq. ͑1͒ of Refs. 2 and 3 except for the natural logarithmic term. As we have noted before, the slow logarithmic term can vary by factors of 4 for typical experimental parameters, so when making comparisons to experiments one needs to include this term.
III. BREAKDOWN OF LINEAR-FLUID THEORY
The above calculations are strictly speaking only valid in the linear-fluid limit. Linear theory is valid when the perturbed density is less than the background density, n 1 / n p Ӷ 1, when the fluid velocity is less than v Х c, / c Ӷ 1, and when the normalized electric field is less than unity, eE zM / mc p ϵ Ӷ1. In order that n 1 / n p Ӷ 1, the peak beam density n b must also be less than the background density, n b / n p Ӷ 1.
Cold-fluid theory is valid when individual particle trajectories do not cross. For wide beams, i.e., the 1D limit, all of the above conditions are equivalent and simultaneously satisfied. However, for narrow bunches the story is not clear. For a beam with any fixed amount of charge or charge per unit length, one can shrink the spot size down to a size for
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which n b / n p Ͼ 1, but for which the normalized electric field can still be less than unity. This is possible since as seen in Eq. ͑17͒ the dominant term for the latter is proportional not to n b / n p but rather to ͑n b / n p ͒k p 2 r 2 . However, the spot size can always be reduced further such that the normalized electric field gets large because of the logarithmic divergence in Eq. ͑17͒. Such a divergence is obviously unphysical. The resolution is that fluid theory breaks down for very narrow bunches because the plasma electrons are predominantly expelled radially outward, and if n b / n p Ͼ 1 the trajectories of electrons that originate within the beam cross each other. Interestingly, linear theory of arbitrary shaped bunches is based on a Green's function which is not a valid solution to linear theory. The point is that what matters is not whether the solution for the wake due to a ␦ function is valid but rather whether the wake obtained by integrating the Green's function over the beam distribution is linear.
In the linear-fluid regime, the plasma response to electron or positron beams is similar except for a change of charge sign. However, when n b increases, the wake structure and amplitude will change due to the breakdown of fluid theory and the appearance of nonlinear effects. The plasma has a very different nonlinear response to electron or positron beams ͑an electron beam will blow plasma electrons away, while a positron beam will suck them in͒. The breakdown of fluid theory inevitably occurs for positron generated wakes because trajectory crossing occurs as electrons reach the axis after they are sucked in.
It has been argued that the linear-fluid limit is still a surprisingly useful guide for predicting wake amplitudes even in the nonlinear and/or blowout regime. To investigate this, we compare the linear-fluid theory expressions given above against fully nonlinear electromagnetic PIC simulations ͑both fully explicit and quasistatic͒. We use the codes OSIRIS ͑Ref. 10͒ and QuickPIC. 11 These two codes give identical results for wakes excited by ultrarelativistic charged particle beams.
To quantify the usefulness of linear-fluid theory, we begin examining through PIC simulations what happens as we decrease k p r while keeping k p z and N ͑i.e., ⌳͒ fixed. In Fig. 4 we plot the dependence of the normalized wake amplitude on k p r for four different beam charges ⌳ = 0.001, 0.01, 0.1, and 1. For each value of ⌳ we plot line outs along the axis of the electric field in units of mc p / e for four different values of k p r or equivalently four values of n b / n p . The figures show that for each value of ⌳ the field amplitude increases as n b / n p is increased until n b / n 0 exceeds ϳ10. After n b / n p increases beyond ϳ10 neither the amplitude nor the wave form shape changes. Based on these results we can define a critical value for k p r which roughly corresponds to FIG. 4 . Saturation of wakefield for electron driver: in each figure, we decrease k p r ͑at the same time increase n b / n p ͒ by keeping ⌳ fixed. We see the wake forms will saturate roughly when n b / n p is larger than 10, and ͑a͒ ⌳ = 0.001, ͑b͒ ⌳ = 0.01, ͑c͒ ⌳ = 0.1, and ͑d͒ ⌳ =1 ͑the z = 0 point is 6c / p ahead of the beam center͒.
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This kind of behavior can be qualitatively understood as follows: If the blowout radius r bm is much larger than the beam radius r , then any further reduction in the beam radius can only cause a small change to the plasma response to the beam. Therefore, the wakefield changes very little after r Ӷ r bm . A rough estimate of r bm is k p r bm Ϸ 2 ͱ ⌳, where ͱ ⌳ is the charge neutralizing radius. In addition, since k p r = ͱ ⌳ / ͑n b / n p ͒, the ratio of r bm / r Ϸ 2 ͱ n b / n p ; for example, r bm / r ജ 10 requires that n b / n p ജ 25. This explains why the wake does not change much when k p r is very small. We will provide a more quantitative explanation in a future publication.
Another thing worth noting from Fig. 4 is how the wave form of the wake depends on ⌳. For very small charge ͑⌳ = 0.001͒, the wakes basically have sinusoidal wave forms for all spot sizes. However, for large ⌳ ͑0.1 and 1͒, the wakes become elongated and have very sharp spikes. The elongation is due to nonlinear frequency shifts due to relativistic mass effects, because for large ⌳ the plasma electrons acquire relativistic velocities. The formation of the spike occurs when we have large ⌳ and small spot sizes, k p z Ͻ 1, which is called the blowout regime.
The wakes produced by positron beams depend on ⌳ and spot size in a more complicated manner than for electron wakes. This is shown in Fig. 5 where we plot line outs of the electric field along the axis for positron drivers. As in Fig. 4 , for each plot we keep ⌳ fixed and vary k p r . The first thing worth noting is that the positron wake structure can change dramatically by decreasing k p r . For relatively large charge ͑i.e., ⌳ = 0.1, 1͒, multipeak structures show up in the decelerating fields as k p r is decreased. This can be roughly explained by the phase mixing of plasma electrons: plasma electrons at different initial positions reach the axis at different times. For example, plasma electrons far away from the beam typically oscillate about the axis with a frequency very close to p , but plasma electrons very close to the beam center can have a frequency close to b = ͱ n b / n p p , which can be many times larger than p for very narrow beams. Therefore, these electrons arrive at the axis at different times. This leads to spaced density peaks of the frequency between p and b . This can also explain why the accelerating peaks do not have multipeak structures. The accelerating fields are behind the beam, and in this region the plasma electrons will all roughly oscillate at the same frequency p . Although positron wakes have more complicated structures than electron wakes, they still saturate as the spot size is reduced. The difference is that the critical k p r for positron wakes is around ͱ ⌳ which corresponds to n b / n p = 1 rather than 10 as was the case for electron drivers.
The above discussion shows that the linear-fluid expression cannot be used when n b / n p տ 10 for electron drivers and when n b / n p տ 1 for positron drivers. Physically this occurs due to the extreme trajectory crossing that occurs in the nonlinear wakefield regime. It also shows that if we have calculated the wake amplitude for n b / n p = 10 for all spot sizes k p r , we can give accurate estimates for the wake for any value of n b / n p տ 10. This is done by finding the case where n b / n p = 10 for a larger spot size but with the same charge per unit length ⌳.
The above discussion has not addressed to what extent linear-fluid theory works when n b / n p ഛ 10. To address this, FIG. 5 . Saturation of wakefield for positron driver: in each figure, we decrease k p r while simultaneously increasing n b / n p and keeping ⌳ fixed. We see the wake forms will saturate roughly when n b / n p is larger than 1, and ͑a͒ ⌳ = 0.01, ͑b͒ ⌳ = 0.1, and ͑c͒ ⌳ =1 ͑the z = 0 point is 6c / p ahead of the beam center͒.
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we have carried out a series of simulations for a given plasma density n p and fixed beam shapes ͑Gaussian beams with fixed r and z ͒. We vary beam density n b from a value much smaller than n p to a value much larger than n p by changing N. As N is increased, the wake structure and amplitude will evolve from a regime where linear theory is valid into a nonlinear regime. For one set of runs we used k p z = ͱ 2, k p r = 0.1 and the results are shown in Figs. 6 and 7 for electron and positron drivers, respectively. These results illustrate the transition of the wake structure ͑the peak accelerating field, the wake wavelength, and the transformer ratio͒ for both electron and positron beams as the beam particle number is increased. Several points are worth noting. We plot the ratio of electric field over n b / n p , because in linear theory the field is proportional to n b / n p , when k p z and k p r are fixed, and the wake structure does not change. This choice helps Figs. 6 and 7 to illustrate how the wake structure in the simulations differ from the predictions of linear theory. In Fig. 6 , it can be seen that as n b / n p is increased, the peak accelerating field remains relatively constant while the decelerating field decreases. Therefore, the transformer ratio gradually increases. At the highest value of n b / n p the wavelength elongates and this is due to the fact that for such a high beam charge the plasma particles acquire relativistic energies. Despite this gross change to the wavelength, the peak field is still close to the linear prediction. Therefore, significant deviation from linear theory for the peak accelerating field does not occur until the normalized electric field ͑eE / mc p ͒ approaches unity. This is also true in the 1D regime. On the other hand, in Fig. 7 it can be seen for positron drivers that the accelerating as well as the decelerating field change dramatically as n b / n p increases beyond 2. Therefore, for narrow positron bunches the relevant nonlinear parameter is n b / n p and not ⌳.
To make the transition between linear-fluid theory and nonlinear wake dynamics ͑either blowout or suck-in͒ clearer, we plot in Figs. 8 and 9 the peak accelerating fields and the peak decelerating fields against those predicted by linear theory from a series of 30 simulations. In these runs we set k p z = ͱ 2, k p r = 0.1 while n b / n p was varied by varying N. We plot the fields in units of mc p / e. For the electron driver runs, we plot the peak accelerating and decelerating fields as well as the "useful" accelerating field. We adopt a similar definition for the useful field as given in Ref. 12. As shown in Fig. 6 , for nonlinear wakes, the structure of the accelerating field contains a part with a linear slope and a deep spike. If the linear slope section was continued then the useful is defined where it intersects the actual curve. For sinusoidal fields we define the peak and useful fields to be the same. As seen in Fig. 6 , the peak and useful fields are equal ͑indicating that the field had a "sinusoidal" structure͒ for n b / n p as high as 10. For higher n b / n p the useful field is lower than linear theory while the peak field is still approximately given by linear theory until n b / n p exceeds 100 ͑or ⌳ exceeds unity͒. The decelerating field deviates from linear theory as soon as n b / n p exceeds 10. On the other hand, for positron drivers the accelerating field deviates from linear theory when n b / n p exceeds unity and the decelerating field agrees with linear theory until n b / n p exceeds 10.
IV. SUMMARY
In this paper, we have revisited linear-fluid wakefield theory. We have obtained expressions for the wakes of biGaussian electron and positron drivers for arbitrary spot sizes. We showed that these expressions give very similar results to those from radial flat top profiles. We obtained the proper expression for the wake amplitude from narrow bunches, k p r Ӷ 1, which we rewrite here for convenience ͓Eq. ͑18͔͒, 
ͪ.
We then used fully nonlinear PIC simulations to examine the validity and usefulness of linear-fluid theory as the normalized charge per unit length, ⌳ ϵ n b / n p k p 2 r 2 , is increased. We found that as the spot size is decreased, fluid theory eventually breaks down causing the logarithmic divergence to saturate. Physically, the saturation occurs because if the blowout radius greatly exceeds the beam spot size, then reducing the spot size has little effect. In the multidimensional nonlinear wakefield regime where electrons move radially inward or outward there is multiple trajectory crossing and fluid theory breaks down.
Based on numerous simulations, including many with parameters different than those in Figs. 6-9, we can make the following generalization for the narrow beam limit ͑k p r Ͻ 0.3, k p z ϳ ͱ 2͒ and the weakly nonlinear limit,
⌳Ͻ1.
For electron drivers, the useful accelerating fields agree with linear theory up to n b / n p Ϸ 10, and then becomes smaller than linear theory, while the decelerating field agrees with linear theory only up to n b / n p Ϸ 1.
For positron drivers, both the peak accelerating fields and the peak decelerating fields agree with linear theory up to n b / n p Ϸ 1.
Combining the results of linear theory and the discussion above, we can give approximate expressions for plasma wakefield amplitudes in the narrow beam limit for ⌳ smaller than 1.
For an electron driver, if n b / n p ഛ 10, we just use the linear expression in Eq. ͑17͒ which is rewritten here for convenience, 
͑20͒
In the highly nonlinear regime, ⌳ӷ1, where relativistic effects are dominant ͑the wavelength increases due to the electron mass change and the full electromagnetic character of the fields in the wake are important͒, the above expressions can no longer be used. In this regime, simulations show that the wake amplitude is much smaller than that given by the above expressions.
